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We compute the leading post-Newtonian (PN) contributions at linear order in the spin to the radiation-
reaction acceleration and spin evolution for binary systems, which enter at fourth PN order. The calculation
is carried out, from first principles, using the effective field theory framework for spinning compact objects,
in both the Newton-Wigner and covariant spin supplementary conditions. A nontrivial consistency check is
performed on our results by showing that the energy loss induced by the resulting radiation-reaction force is
equivalent to the total emitted power in the far zone, up to so-called “Schott terms.”We also find that, at this
order, the radiation reaction has no net effect on the evolution of the spins. The spin-spin contributions to
radiation reaction are reported in a companion paper.
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I. INTRODUCTION
The potentially large amount of scientific information on
strong gravitational fields that can be extracted from the
observations of gravitational waves detected by ground-
based detectors [1–3] and future spaced-based antennas
motivates the computation of highly accurate theoretical
models for the dynamics and gravitational wave emission
from binary systems in general relativity. The gravitational
dynamics and emitted power from compact binaries has
been completed to seventh order in the relative speed v
(also called 3.5 post-Newtonian or 3.5PN order) for
nonrotating bodies (see [4,5] for extensive reviews). In
addition, the gravitational potential has recently been
computed at 4PN order for nonspinning objects [6–12]
(see also [13,14]).
The effective field theory (EFT) formalism, originally
introduced in [15], has readily reproduced many of these
calculations, especially in the conservative sector for non-
spinning bodies [15–21]. On the other hand, when spin
degrees of freedom are included [22], the EFT framework
has increased the knowledge of the gravitational dynamics
and emitted power to 3PN order [23–33]. The necessary
ingredients were also computed in [34–42] using the
Arnowitt-Deser-Misner (ADM) and harmonic gauge for-
malisms. Higher order effects have been more recently
studied in the conservative sector within the EFT approach
in [43–46] for the spin-orbit and spin-spin potentials at
3.5PN and 4PN, respectively. These results were also
calculated in [47–50] with the ADM and harmonic
methodologies,1 except for the finite-size contributions,
which are more efficiently handled by the EFT formalism
[15,22,27]. In addition, the effects due to absorption were
studied within EFT in [53,54]. For reviews of the EFT
framework see [55–60].
The study of radiation-reaction effects in gravity has also
a celebrated history, notably the work of Burke and Thorne
[61,62], who computed the leading order effects for non-
spinning bodies at 2.5PN order. In the EFT approach, the
incorporation of radiation reaction was developed in
[63,64] by implementing the classical limit of the “in-in”
approach [65,66]. The radiation-reaction force to 3.5PN
order, originally computed in [67–70], was subsequently
rederived with EFT methods in [71] employing the for-
malism developed in [72,73] for nonconservative classical
systems. (Higher order effects have been computed in [74]
using a “refined balance” method.) In the present work
(Part I of two) we incorporate radiation-reaction effects for
spinning bodies within an EFT framework from first
principle, without resorting to balance equations. We
compute the leading order spin-orbit radiation-reaction
acceleration and spin evolution at 4PN, which must be
taken into account in order to construct fully accurate
waveforms to this order. These effects were previously
1Moreover, the next-to-leading order spin-orbit effects at
3.5PN order in the gravitational wave flux have been computed
in [51], and the tail-induced contribution at 4PN in [52], using the
harmonic approach.
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calculated in [75] (and the radiation-reaction Hamiltonian
in [76]) using different methodologies and spin supple-
mentarity conditions (SSCs).2 For completeness, here we
carry out the calculation in both the Newton-Wigner and
covariant SSCs. We also perform a nontrivial consistency
check by showing the equivalence between the energy loss
induced by the resulting radiation-reaction acceleration and
the total emitted power in the far zone which follows from
the well-known multipole expansion, up to total time
derivatives. (The latter are called “Schott terms” in electro-
dynamics [80], which account for energy stored in near-
zone fields. See also [81].) We find that, in the spin-orbit
sector, the radiation reaction has no net effect on the
evolution of the spins. Our findings are compatible with
the derivations in [75]. Spin-spin backreaction effects,
which first enter at 4.5PN order, are studied in a companion
paper [82].
As it is customary in the literature, we define the
following useful quantities:
S≡ S1 þ S2; ð1:1Þ
Σ≡ m
m2
S2 −
m
m1
S1; ð1:2Þ
ξ≡m2
m1
S1 þ
m1
m2
S2; ð1:3Þ
χ ≡

2þ 3m2
2m1

S1 þ

2þ 3m1
2m2

S2: ð1:4Þ
We also introduce
L ¼ μrn × v; ~L≡ L=μ; ð1:5Þ
with m ¼ m1 þm2, ν≡m1m2=m2, and μ ¼ mν. In addi-
tion, r≡ x1 − x2 is the relative position, v≡ v1 − v2 and
a≡ a1 − a2 are the relative velocity and acceleration,
respectively, and n≡ r=r. Throughout this paper we use
GN ¼ c ¼ 1 units unless otherwise noted. We use the
mostly minus signature convention for ηαβ and Latin
indices are contracted with the Euclidean metric.
II. RADIATION REACTION IN AN EFT
FRAMEWORK
A. Nonspinning bodies
Up to angular momentum and spin terms (see below), the
worldline effective action describing the binary system in
the radiation sector is given by [83,84]
Sradeff ¼ −
Z
dt
ﬃﬃﬃﬃﬃﬃ
g¯00
p 
MðtÞ −
X
l¼2

1
l!
ILðtÞ∇L−2Eil−1il þ
2l
ð2lþ 1Þ! J
LðtÞ∇L−2Bil−1il

; ð2:1Þ
with L ¼ ði1    ilÞ being a multi-index. The quantityMðtÞ
is the (Bondi) mass associated with the binary while ILðtÞ
and JLðtÞ are the mass- and current-type source multipole
moments, respectively. The electric and magnetic compo-
nents of the Weyl tensor are denoted by Eij and Bij,
respectively, which depend only on the metric in the
radiation region, h¯μν. See [60] for more details.
To incorporate the nonconservative effects of radiation
reaction at the level of the action, we need to formally
double the number of degrees of freedom [72,73] so that
xa → ðxað1Þ; xað2ÞÞ and h¯μν → ðh¯ð1Þμν ; h¯ð2Þμν Þ in (2.1). Here,
a ¼ f1; 2g labels the particles. Solving for both potential
and radiation fields generates an effective action of the form
Seff ½xa ¼
Z
dtðLeff ½xað1Þ−Leff ½xað2ÞþReff ½xað1Þ;xað2ÞÞ;
ð2:2Þ
where Leff ¼
R
dtðK − VÞ is the Lagrangian for the
conservative sector and Reff accounts for all
nonconservative effects. It is convenient to translate the
expressions into the  variables,
xaþ ≡ ðxað1Þ þ xað2ÞÞ=2; xa− ≡ xað1Þ − xað2Þ; ð2:3Þ
such that the equations of motion follow from the varia-
tional principle,

δSeff ½xa
δxa−

PL
¼ 0: ð2:4Þ
The “PL” subscript indicates the “physical limit” is to be
taken wherein all “−” variables vanish and the “þ”
variables are set to their physical values. In other words,
in terms of the relative coordinates, r−; v− → 0, rþ → r,
vþ → v, etc. From here we obtain the (relative) acceleration
due to radiation reaction, given by
aiRR ¼
1
mν
∂Reffðr; vÞ
∂ri−ðtÞ −
d
dt
∂Reffðr; vÞ
∂vi−ðtÞ

PL
: ð2:5Þ
See [72,73] for a more complete exposition of classical
mechanics and field theories for generic, nonconservative
systems.2See also [77–79] for related work using balance equations.
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At leading order in Newton’s constant, the effective action is expressed in terms of Feynman diagrams as
ð2:6Þ
and yields the following nonconservative piece [19]:
Z
Reffdt ¼
X
l≥2
ð−1Þlþ1ðlþ 2Þ
ðl − 1Þ
Z
dt

2lðlþ 1Þ
lð2lþ 1Þ! I
L
ð−ÞðtÞILð2lþ1ÞðþÞ ðtÞ þ
2lþ3l
ð2lþ 2Þ! J
L
ð−ÞðtÞJLð2lþ1ÞðþÞ ðtÞ

:
The superscript (n) in the multipole moments represents the number of time derivatives. For this paper, the lowest mass- and
current-type multipole terms suffice to capture the contributions from the leading order spin effects to radiation reaction,
Reff ½r ¼ −
1
5
Iij−ðtÞIijð5Þþ ðtÞ −
16
45
Jij−ðtÞJijð5Þþ ðtÞ: ð2:7Þ
For nonspinning bodies, we have at leading PN order the expressions for the mass quadrupole,
Iijð0Þ−ðtÞ≡ Iijðt; xð1Þa Þ − Iijðt; xð2Þa Þ ¼
X
a
ma

xia−x
j
aþ þ xiaþxja− −
2
3
δijxa− · xaþ

þOðx3a−Þ; ð2:8Þ
Iijð0ÞþðtÞ≡
1
2
ðIijðt; xð1Þa Þ þ Iijðt; xð2Þa ÞÞ ¼
X
a
ma

xiaþx
j
aþ −
1
3
δijx2aþ

þOðx2a−Þ; ð2:9Þ
Using the first term of (2.7) in (2.5), we obtain the leading
order radiation-reaction piece of the full acceleration,
ðaRRLOaÞi ¼ −
2
5
xjaI
ijð5Þ
ð0Þ : ð2:10Þ
This result is the well-known Burke-Thorne acceleration
[61,62] and was derived in the EFT approach in [64,71].
B. Spinning bodies
1. Basics
The spin of an object is described by a 3-vector.
Therefore, a theory that is manifestly Lorentz invariant,
which often represents spin by a tensor Sμν, must unavoid-
ably introduce redundancies. To reduce the system to the
required 3 degrees of freedom, a spin supplementary
condition must be enforced. The two most popular SSCs
are
Sμνpν ¼ 0 ðCovariantÞ; ð2:11Þ
Sμ0 − Sμj

pj
p0 þm

¼ 0 ðNewton−WignerÞ; ð2:12Þ
where
pα ¼ 1ﬃﬃﬃﬃﬃ
u2
p

muα þ 1
2m
RβνρσSαβSρσuν þ   

; ð2:13Þ
with uμ ≡ dxμ=dσ, and σ an affine parameter. At leading
order we may write
Si0 ¼ κSijvj; ð2:14Þ
with vj ≡ dxj=dt, and κ ¼ ð1; 1=2Þ in covariant and
Newton-Wigner cases, respectively.
The SSCs are second class constraints, implying that
their straightforward implementation in the effective action
results in a modification of the symplectic structure, which
introduces the so-called Dirac brackets; see, e.g., [85].
Nevertheless, we can retain the spin tensor until the end of
the calculations, using instead a set of Lagrange multipliers.
Because the spin degrees of freedom describe (angular)
momentum, a partial Legendre transformation of the
effective Lagrangian with respect to the spin tensors yields
an effective Routhian. In this framework, the equations of
motion for the orbital dynamics and the spin dynamics are
found by treating the Routhian as a Lagrangian and as a
Hamiltonian, respectively [60].
The study of spin effects in the EFT framework was
initiated in [22,23] in terms of an effective action approach,
and subsequently elaborated in [24–30] where the Routhian
formalism was developed. (See [86] for earlier work in the
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context of motion in an external gravitational field). For
computational reasons (e.g., to include spin-dependent
finite size effects), the covariant SSC is more convenient,
in which case the conservative dynamics of spinning bodies
can be obtained from the Routhian3
R¼−

m
ﬃﬃﬃﬃﬃ
u2
p
þ1
2
ωμ
abSabuμþ
1
2m
RναρσSρσuνSαβuβþ

;
ð2:15Þ
with Sab the spin tensor in a locally Minkowski frame
described by the tetrad eaμ, Sab ≡ Sμνeaμebν . The equations of
motion follow from
δ
δxμ
Z
Rdσ ¼ 0; dS
ab
dσ
¼ fSab;Rg; ð2:16Þ
where the orbital motion is derived withR playing the role
of a Lagrangian (see the left equation above), while the spin
dynamics is derived as if R were a Hamiltonian (see the
right equation above). Here, σ may be chosen as the
coordinate time, t, and the spin algebra is given by
fSab; Scdg ¼ ηacSbd þ ηbdSac − ηadSbc − ηbcSad: ð2:17Þ
The last term(s) in (2.15) ensures that the SSC is conserved
during evolution.
Because of the explicit breaking of Lorentz invariance in
the Newton-Wigner SSC, the form of the resulting
Routhian is less compact. Moreover, the extra term to
ensure the preservation of the SSC contributes already
at leading order, unlike the one in (2.15) which enters at
next-to-leading order (and only in the S2a sector). However,
when these terms (quadratic in the spin) are ignored, such
as finite size effects, it turns out the Newton-Wigner SSC
may be enforced prior to using (2.16). The reason being
that the resulting Dirac brackets turn into the canonical
form, for instance for the spin4
fSiðNWÞ; SjðNWÞg ¼ −ϵijkSkðNWÞ; ð2:18Þ
unlike what occurs in the covariant case. This means that at
linear order in the spin we may proceed as usual, after
reducing the spin vector using (2.14) with κ ¼ 1=2. See
[60] and references therein for more details.
In what follows wewill find it convenient to split the spin
tensor into 3-vector components,
Si ¼ 1
2
ϵijkSjk; Sið0Þ ≡ Si0; ð2:19Þ
which are related via the SSC. For the covariant SSC, we
will also have to consider the time variation of Sð0Þ, which
may be obtained directly from the preservation of the SSC
upon time evolution,
_Sð0Þa⟶
cov SSC ðaa × SaÞi þ    : ð2:20Þ
2. Conservative dynamics
In order to include all the spin-orbit effects at the desired
PN order, we also need to account for the conservative part
of the relative acceleration at linear order in the spin, which
can be obtained in either SSC [22,28,87],
aSOðNWÞcons ¼ 1
r3

3
2
n

ðn × vÞ ·

7Sþ 3 δm
m
Σ

− v ×

7Sþ 3 δm
m
Σ

þ 3
2
_r

n ×

7Sþ 3 δm
m
Σ

; ð2:21Þ
aSOðcovÞcons ¼ 1
r3

6n

ðn × vÞ ·

2Sþ δm
m
Σ

− v ×

7Sþ 3 δm
m
Σ

þ 3_r

n ×

3Sþ δm
m
Σ

; ð2:22Þ
where δm ¼ m1 −m2, and the spin variables on the right-
hand side represent the Newton-Wigner and covariant
SSC, respectively. These expressions enter at 1.5PN order
in the conservative dynamics. For the spin we find the
(conservative) evolution equations [22,28,87],
_SSOðNWÞ1 cons ¼
1
r3

2

1þ 3
4
m2
m1

L × S1ðNWÞ

; ð2:23Þ
_SSOðcovÞ1cons ¼
1
r3

2

1þm2
m1

L×S1ðcovÞ−m2ðS1ðcovÞ×rÞ×v1

;
ð2:24Þ
at linear order in the spins, for both the Newton-Wigner and
covariant SSC, respectively. Notice in both cases the spin
evolution involves an extra factor of v2, _S ∼ ðv3=rÞS (since
3The ωμab are the Ricci rotation coefficients and Rμαβγ is the
Riemann tensor.
4The minus sign is related to the mostly minus metric
convention [60].
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m=r ∼ v2), which implies it may be taken as a constant
vector at leading order. The expressions in (2.23) and (2.24)
are related by the transformation [22,87]
Sa →

1 −
v2a
2

Sa þ
1
2
ðva · SaÞva;
xa → xa þ
1
2ma
va × Sa; ð2:25Þ
between Newton-Wigner and covariant SSCs.
3. Radiation reaction
The incorporation of spin effects in radiation reaction
requires doubling the number of degrees of freedom, not
only for the positions and velocities but also for spin
Sμνa → ðSμνað1Þ; Sμνað2ÞÞ: ð2:26Þ
Subsequently, it is useful to introduce the corresponding 
variables,
Sμνaþ ≡ ðSμνað1Þ þ Sμνað2ÞÞ=2; Sμνa− ≡ Sμνað1Þ − Sμνað2Þ: ð2:27Þ
As before, after we solve for both the potential and the
radiation fields in the far zone, we will find an expression
similar to (2.2), but this time for an effective Routhian with
the following form:
Reff ½xa; Sμνa ¼ Rconseff ½xað1Þ; Sμνað1Þ −Rconseff ½xað2Þ; Sμνað2Þ
−RRReff ½xa; Sμνa: ð2:28Þ
The first terms account for corrections to the conserva-
tive sector, whereas the last term, which cannot be
written as a difference like the first two, incorporates
radiation-reaction effects due to spin. To the PN order
we work in this paper, the dissipative term of the Routhian
is given by
RRReff ½r; Sμν  ¼ −
1
5
Iij−ðtÞIijð5Þþ ðtÞ −
16
45
Jij−ðtÞJijð5Þþ ðtÞ;
ð2:29Þ
including the spin-dependent contributions to the multipole
moments. The acceleration describing the radiation reac-
tion is obtained from the effective Routhian in (2.29) by
aiRR¼
1
mν
∂RRReff ðr;v;Sμν Þ
∂ri−ðtÞ −
d
dt
∂RRReff ðr;v;Sμν Þ
∂vi−ðtÞ

PL
:
ð2:30Þ
In order to fully describe the spin dynamics from the
Routhian (2.29) we will need to extend the spin algebra to
the variables. As discussed in [72], to incorporate generic
nonconservative effects the usual Poisson brackets must be
generalized. In terms of the doubled phase space variables
ðq; pÞ, the new Poisson brackets are [72]
fff;ggg≡ ∂f∂qþ ·
∂g
∂p−−
∂f
∂p− ·
∂g
∂qþþ
∂f
∂q− ·
∂g
∂pþ−
∂f
∂pþ ·
∂g
∂q− :
ð2:31Þ
To obtain the spin algebra we can proceed in two ways.
Either we can return to the original formulation in [22] (in
terms of the angular velocity) and work out the steps to
construct explicitly the spin brackets in the phase space or
we can simply use (2.31) to find the algebra for an angular
momentum variable, as a generator of the Lorentz group,
which must also be satisfied by a spin variable. In both
cases we arrive at the following algebra5:
ffSiþ; Sjþgg ¼ −
1
4
ϵijkSk−;
ffSi−; Sj−gg ¼ −ϵijkSk−;
ffSiþ; Sj−gg ¼ −ϵijkSkþ;
ffSiþ; Sjð0Þgg ¼ −ϵijkSkð0Þ∓; ð2:32Þ
for the variables introduced in (2.27). We will elaborate on
the symplectic structure of these brackets elsewhere.
The equation of motion for spin will then be given by6
_SRR ¼ ffSþ;RRReff ½r; S; Sð0ÞggPL; ð2:33Þ
where the physical limit PL includes Si− → 0 and Siþ → Si.
III. SPIN-ORBIT RADIATION REACTION
DYNAMICS AT 4PN ORDER
A. Source multipoles
The multipole moments that are used to compute the
spin-orbit radiation-reaction effects are given in [29,60]. In
terms of the  variables these are given by
5As mentioned before, the minus sign is due to our convention
for the Minkowski metric.
6Notice, since the brackets only affect the spin degrees of
freedom, we can set to zero the minus variables associated with
the orbital motion (e.g., r− → 0) prior to computing (2.33).
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Iijð0Þ− ¼ mν½riþrj− þ ri−rjþTF; ð3:1Þ
Iijð0Þþ ¼ mν½riþrjþTF; ð3:2Þ
IijSð0Þ− ¼ 2ν

m
Sið0Þ1þ
m1
−
Sið0Þ2þ
m2

rj− þ
Sið0Þ1−
m1
−
Sið0Þ2−
m2

rjþ

þ 1
3
ϵilkξk−ðvlþrjþ − 2rlþvjþÞ
þ 1
3
ϵilkξkþðvlþrj− þ vl−rjþ − 2rlþvj− − 2rl−vjþÞ

STF
; ð3:3Þ
IijSð0Þþ ¼ 2ν

m
Sið0Þ1þ
m1
−
Sið0Þ2þ
m2

rjþ þ
1
3
ϵilkξkþðvlþrjþ − 2rlþvjþÞ

STF
; ð3:4Þ
Jijð0Þ− ¼ −νδm½ϵiklðrkþvlþrj− þ rkþvl−rjþ þ rk−vlþrjþÞSTF; ð3:5Þ
Jijð0Þþ ¼ −νδm½ϵiklrkþvlþrjþSTF; ð3:6Þ
JijSð0Þ− ¼ −
3ν
2
½Σiþrj− þ Σi−rjþSTF; ð3:7Þ
JijSð0Þþ ¼ −
3ν
2
½ΣiþrjþSTF; ð3:8Þ
where “(S)TF” indicates the (symmetric) trace-free part of the quantity inside the brackets. We have ignored also terms
involving products of minus variables (e.g., Si−rj−), which do not contribute to the equations of motion or other physical
quantities [72]. Moreover, in the Newton-Wigner gauge we may apply the SSC prior to using (2.30) and (2.33), in which
case we have
IijSð0Þ−⟶
NWSSC ν
3
½ϵiklξlþð5ðvkþrj− þ vk−rjþÞ − 4ðrkþvj− þ rk−vjþÞÞ þ ϵiklξl−ð5vkþrjþ − 4vkþrjþÞSTF; ð3:9Þ
IijSð0Þþ⟶
NWSSC ν
3
½ϵiklξlþð5vkþrjþ − 4rkþvjþÞSTF: ð3:10Þ
B. Acceleration
In what follows we derive the accelerations in both the Newton-Wigner and the covariant SSCs. In the former the spin
tensor is reduced prior to applying (2.30) and (2.33), whereas in the latter the reduction is performed only after the equations
of motion are obtained.
1. Newton-Wigner SSC
We split the computation into pieces, as in [71]. The first term comes from the mass quadrupole,
amRRðmqÞ ¼ −
3
5m
½ϵiklvkξlδjm þ ϵmilξlvjIijð5Þð0Þ −
2
5
½riδjmIijð5ÞSð0Þ −
1
15m
½5ϵmilξlrj þ 4ϵiklrkξlδjmIijð6Þð0Þ : ð3:11Þ
After applying the equations of motion, we find
aRRðmqÞ ¼
mν
15r6

ð ~L · ξÞ

15_rr

42
m
r
− 51v2 þ 119_r2

− 2rv

97
m
r
− 81v2 þ 405_r2

− ðr × ξÞ

40
m2
r
þ 261mv2 − 15r_r2

41
m
r
− 207v2

− 333rv4 − 3360r_r4

−_rr2ðv × ξÞ

596
m
r
− 1233v2 þ 1905_r2

: ð3:12Þ
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The contribution from the current quadrupole is
amRRðcqÞ ¼
8
15m
½ΣiδjmJijð5Þð0Þ þ
16δm
45m
½ϵiklrkvlδjm þ ϵimkð2vkrj þ rkvjÞJijð5ÞSð0Þ þ
16δm
45m
½ϵimkrkrjJijð6ÞSð0Þ ; ð3:13Þ
yielding
aRRðcqÞ ¼ −
4νδm
15r6

ð ~L · ΣÞ

15_rr

12
m
r
− 15v2 þ 35_r2

− 4rv

8
m
r
− 9v2 þ 45_r2

− ðr × ΣÞ

22
m2
r
− 42mv2 þ 15r_r2

8
m
r
− 9v2

þ 18rv4 þ 105r_r4

þ15r2 _rðv × ΣÞ

4
m
r
− 3v2 þ 7_r2

: ð3:14Þ
Finally, we have the “reduced” part from the leading order term in (2.29). Keeping only the contribution from (2.21) in the
time derivatives, we find
aRRðredÞ ¼
2mν
5r6

½ð ~L · χ Þ

_rr

−32
m
r
− 255v2 þ 455_r2

þ 4rv

−7
m
r
þ 15v2 − 60_r2

− 3ðr × χ Þ

7mv2 þ 3r_r2

m
r
þ 45v2

− 15rv4 − 140r_r4

þ5r2 _rðv × χ Þ

4
m
r
þ 33v2 − 45_r2

: ð3:15Þ
The total 4PN radiation-reaction (relative) acceleration in the Newton-Wigner SSC is thus given by
ðaSOðNWÞRR Þm ¼ −
3
5m
½ϵiklvkξlδjm þ ϵmilξlvjIijð5Þð0Þ −
1
15m
½5ϵmilξlrj þ 4ϵiklrkξlδjmIijð6Þð0Þ
−
2
5
½riδjmIijð5ÞSð0Þ −
2
5
rj½Imjð5Þð0Þ S þ
8
15m
Jijð5Þð0Þ ½Σiδjm
þ 16δm
45m
½ϵiklrkvlδjm þ ϵimkð2vkrj þ rkvjÞJijð5ÞSð0Þ þ
16δm
45m
½ϵimkrkrjJijð6ÞSð0Þ ; ð3:16Þ
which, after some algebra, becomes
aSOðNWÞRR ¼
2mν
15r6

3_rr

4ð ~L · SÞ

14
m
r
− 165v2 þ 315_r2

− 9ð ~L · ξÞ

7
m
r
þ 40v2 − 70_r2

− rv

8ð ~L · SÞ

29
m
r
− 54v2 þ 225_r2

þ 3ð ~L · ξÞ

53
m
r
− 93v2 þ 375_r2

− 2ðr × SÞ

22
m2
r
þ 21mv2 þ 3r_r2

49
m
r
þ 360v2

− 117rv4 − 1155r_r4

þ 3ðr × ξÞ

8
m2
r
− 103mv2 þ r_r2

169
m
r
− 1215v2

þ 135rv4 þ 1260r_r4

þ120r2 _rðv × SÞ½9v2 − 13_r2 − r2 _rðv × ξÞ

88
m
r
− 1269v2 þ 1755_r2

: ð3:17Þ
2. Covariant SSC
Once again we split the radiation-reaction acceleration into separate terms. The only new expression relative to what we
computed in the Newton-Wigner (NW) SSC, in terms of the source multipole moments, is given by the mass quadrupole
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amRRðmqÞ ¼ −
2
5m

m
m1
Sið0Þ1 −
m
m2
Sið0Þ2

δjm þ ϵmikξkvj þ ϵilkvlξkδjm

Iijð5Þð0Þ
−
2
15m
½ϵmikξkrj þ 2ϵilkξkrlδjmIijð6Þð0Þ −
2
5
½riδjmIijð5ÞSð0Þ ; ð3:18Þ
which becomes, after applying the equations of motion (and the covariant SSC prior to taking the time derivatives),7
aRRðmqÞ ¼ −
4mν
15r6

ð ~L · ξÞ

15_rr

−6
m
r
− 3v2 þ 7_r2

þ 2rv

7
m
r
þ 9v2 − 45_r2

þ ðr × ξÞ

8
m2
r
þ 47mv2 þ 15r_r2

−7
m
r
þ 39v2

− 63rv4 − 630r_r4

þ _rr2ðv × ξÞ

116
m
r
− 243v2 þ 375_r2

: ð3:19Þ
The current quadrupole and reduced term remain formally the same as in the Newton-Wigner SSC. However, for the
reduced part we input (2.22) instead of (2.21) and obtain
aRRðredÞ ¼ −
4mν
15r6

_rr

ð ~L · SÞ

218
m
r
− 675v2 þ 1435_r2

þ ð ~L · χ Þ

−61
m
r
þ 720v2 − 1400_r2

þ 3rv

2ð ~L · SÞ

−21
m
r
þ 25v2 − 115_r2

þ 5ð ~L · χ Þ

7
m
r
− 11v2 þ 47_r2

þ 15ðr × SÞ

3mv2 þ r_r2

−5
m
r
þ 27v2

− 3rv4 − 28r_r4

þ 3ðr × χ Þ

3mv2 þ r_r2

17
m
r
þ 135v2

− 15rv4 − 140r_r4

þ15r2 _rðv × SÞ

4
m
r
− 7v2 þ 11_r2

− 15r2 _rðv × χ Þ

4
m
r
þ 13v2 − 17_r2

: ð3:20Þ
Collecting all the pieces together, we find
aSOðcovÞRR ¼
2mν
15r6

3_rr

4ð ~L · SÞ

14
m
r
− 165v2 þ 315_r2

þ ð ~L · ξÞ

m
r
− 540v2 þ 980_r2

− rv

8ð ~L · SÞ

29
m
r
− 54v2 þ 225_r2

þ 9ð ~L · ξÞ

31
m
r
− 43v2 þ 175_r2

− 2ðr × SÞ

22
m2
r
þ 21mv2 þ 3r_r2

49
m
r
þ 360v2

− 117rv4 − 1155r_r4

þ ðr × ξÞ

28
m2
r
− 205mv2 þ 9r_r2

33
m
r
− 295v2

þ 297rv4 þ 2730r_r4

þ 120r2 _rðv × SÞ½9v2 − 13_r2 þ r2 _rðv × ξÞ

68
m
r
þ 981v2 − 1305_r2

: ð3:21Þ
C. Spin evolution
For the spin evolution we use (2.33) together with the Routhian in (2.29) and find
_SkaRR ¼ −
1
5

Iijð5Þð0ÞþffSkaþ; IijSð0Þ−gg þ
16
9
Jijð5Þð0ÞþffSkaþ; JijSð0Þ−gg

PL
: ð3:22Þ
7This is allowed since the SSC is conserved upon evolution.
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To evaluate the right-hand side, we use the multipole moments from Sec. III A and, depending on the SSC, the spin algebra
in (2.32). As we show next, there is no radiation reaction in the evolution for spin-orbit effects since the spin evolution
equation can be written entirely as the time derivative of a redefined spin vector.
1. Newton-Wigner SSC
In this case we can enforce the SSC prior to applying the brackets. Using (3.7) and (3.9), we have (e.g., for particle 1)
ð _SSOðNWÞ1RR Þk ¼ −
ν
15
½Iijð5Þð0Þ ð5ϵiqlvqrj − 4ϵiqlrqvjÞffSk1þ; ξl−gg − 8Jijð5Þð0Þ rjffSk1þ;Σi−ggPL
¼ − ν
15

m2
m1
Iijð5Þð0Þ ½−Si1ð5vkrj − 4rkvjÞ þ δikSl1ð5vlrj − 4rlvjÞ − 8
m
m1
Jijð5Þð0Þ r
jϵkiqSq1

; ð3:23Þ
for the radiation-reaction evolution equation to linear order in the spins. Using the spin-independent equations of motion to
reduce the derivatives on the multipoles we obtain
_SSOðNWÞ1RR ¼
4mν_r
15r4
ðL × S1Þ

−22
m
r
þ 36v2 − 60_r2

þm2
m1

16
m
r
− 48v2 þ 75_r2

: ð3:24Þ
It is easy to show the right-hand side is a total derivative that can be absorbed into a redefinition of the spin
S1 → S1 −
2mν
15r3
ðL × S1Þ

3
m
r
− 8v2 þ 24_r2

þm2
m1

m
r
þ 12v2 − 30_r2

ð3:25Þ
such that the new spin variable is insensitive to radiation-reaction effects to 4PN order.
2. Covariant SSC
The spin evolution equation can also be obtained in the covariant SSC, using (3.22) and the spin algebra in (2.32).
Applying (2.20) after computing the brackets we obtain
ð _SSOðcovÞ1RR Þk ¼ −
2ν
15

Iijð5Þð0Þ
m2
m1
½3Sk1virj − 4vkSi1rj þ 2Si1rkvj þ δikSl1ðvlrj − 2rlvjÞ − 4
m
m1
Jijð5Þð0Þ ϵ
kilrjSl1

; ð3:26Þ
leading to
_SSOðcovÞ1RR ¼
4mν
15r4

_rðL × S1Þ

−22
m
r
þ 36v2 − 60_r2 þm2
m1

16
m
r
− 48v2 þ 75_r2

−
m22
m

−2S1

6mv2 þ r_r2

2
m
r
þ 99v2

− 18rv4 − 75r_r4

þ _rðrðS1 · vÞ þ vðS1 · rÞÞ

2
m
r
þ 54v2 − 75_r2

þ 6rvðS1 · vÞ

2
m
r
− 6v2 þ 15_r2

: ð3:27Þ
The spin dynamics in the covariant SSC is not a total derivative due to the spin definition in this gauge.8 However, it is easy
to see the above result is equivalent to our derivation in the Newton-Wigner case. Recall that the transformation between the
two spin variables is given by [see (2.25)]
S1ðNWÞ ¼ S1ðcovÞ þ
1
2
ðv1ðv1 · S1ðcovÞÞ − S1ðcovÞv21Þ þ    ; ð3:28Þ
which implies
8This is not surprising since already at leading order the spin evolution equation for the covariant SSC does not conserve the norm of
the vector, unlike the Newton-Wigner case. See (2.24) and (2.23).
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_S1ðNWÞ ¼ _S1 ðcovÞ −
1
2

m2
m

2
½2S1 ðcovÞða · vÞ
− ðS1 ðcovÞ · vÞa − vða · S1 ðcovÞÞ þ    : ð3:29Þ
Hence, inputting the leading order dissipative part of the
relative acceleration [see (2.10)],
ðaRRLOÞi ¼ −
2
5
rjIijð5Þð0Þ ; ð3:30Þ
into the terms in the square brackets on the right-hand side,
and using (3.26), we recover (3.23) as expected.
IV. CONSISTENCY TEST
In this section we prove the equivalence between the
power emitted at infinity via the multipole formula and the
power induced by the radiation-reaction force, up to
contributions that can be shown to be total time derivatives
that average to zero for bound orbits.
A. Schott terms
The radiated total power can be obtained from the
effective action in (2.1) [60,83,84],
dE
dt
¼ −
X∞
l¼2
ðlþ 1Þðlþ 2Þ
lðl − 1Þl!ð2lþ 1Þ!! ðI
Lðlþ1ÞÞ2
þ 4lðlþ 2Þðl − 1Þðlþ 1Þ!ð2lþ 1Þ!! ðJ
Lðlþ1ÞÞ2; ð4:1Þ
which yields, to the order we work here,
dE
dt
¼ − 1
5

Iijð3ÞIijð3Þ þ 16
9
Jijð3ÞJijð3Þ

þ    : ð4:2Þ
The energy flux can also be obtained directly by computing
the power induced by the radiation-reaction force,
PRR ≡mνaRR · v: ð4:3Þ
However, in one case the power is computed using the
radiation field in the far zone, obtaining (4.1), whereas
the radiation-reaction force acts “instantaneously” on the
dynamics of the bodies. The difference, nevertheless, is a
local redefinition of the conserved energy (i.e., a total time
derivative) that will not affect the radiated power in the far
region. These effects are often denoted as Schott terms, since
they also appear in electrodynamics and, consequently, at
leading order in the radiation-reaction force (e.g., see [19]).
For nonrotating bodies the equivalence is almost
straightforward. For instance, let us consider the leading
order effective Lagrangian in (2.7). Then, according to the
definition in (4.3),
PRR ¼ −
1
5
v ·
 ∂
∂r− −
d
dt
∂
∂v−

Iij−ðtÞIijð5Þþ ðtÞ þ
16
9
Jij−ðtÞJijð5Þþ ðtÞ

PL
: ð4:4Þ
Crucially, the derivatives only act on the minus variables.
Let us now take a time average of the above expression,
hPRRi ¼ −
1
5
	
v ·
∂
∂r− þ a ·
∂
∂v−

Iij−ðtÞ

Iijð5Þþ ðtÞ


PL
−
16
9
	
v ·
∂
∂r− þ a ·
∂
∂v−

Jij−ðtÞ

Jijð5Þþ ðtÞ


PL
;
ð4:5Þ
where we integrated by parts the time derivative in the
second term in both of the square brackets. Noticing that

v ·
∂
∂r− þ a ·
∂
∂v−

Iij−ðtÞ

PL
¼ Iijð1Þ; ð4:6Þ
we find
hPRRi ¼
	
dE
dt


; ð4:7Þ
which implies
PRR ¼
d ~E
dt
; ~E≡ E − ES; ð4:8Þ
with ES the Schott terms [19]. The latter are given by
ES ¼
1
5
ðIijð1ÞIijð4Þ − Iijð2ÞIijð3ÞÞ
þ 16
45
ðJijð1ÞJijð4Þ − Jijð2ÞJijð3ÞÞ þ    : ð4:9Þ
The equivalence, which can be proved to all orders,
becomes a nontrivial consistency check when translated to
the final expressions in terms of the variables of the problem.
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B. Spinning bodies
When spin is incorporated, the equivalence becomes a
little less straightforward. The effective Lagrangian now
depends on the spin tensor, Sab, which is a new dynamical
variable. However, at leading order, the spin vector simply
plays the role of a constant source.9 Hence, for the case of
the Newton-Wigner SSC (where the spin tensor is reduced
prior to obtaining the equations of motion) the above proof
applies unaltered. This is not the case in the covariant gauge
where the S0i components must be kept until the end of the
calculation and the equation of motion for S0i, which
follows from the conservation of the SSC (2.20), cannot be
ignored. We explicitly demonstrate below how the con-
sistency check applies in both cases.
1. Newton-Wigner SSC
The calculation of the spin-orbit radiation-reaction
power in (4.3) is straightforward. Using (3.16) we obtain
PSOðNWÞRR ¼
4mν
15r6

ðL · SÞ

22
m2
r
− 95mv2 þ 3r_r2

77
m
r
− 270v2

þ 99rv4 þ 735r_r4

−3ðL · ξÞ

4
m2
r
− 25mv2 þ 4r_r2

29
m
r
− 60v2

þ 21rv4 þ 315r_r4

; ð4:10Þ
in the Newton-Wigner gauge. On the other hand, the radiated power in the far region reads

dE
dt

SOðNWÞ
¼ 8m
2ν
15r6

ðL · SÞ

12
m
r
þ 37v2 − 27_r2

þ ðL · ξÞ

8
m
r
þ 19v2 − 18_r2

; ð4:11Þ
which agrees with the literature [87]. Comparing both expressions, we find

dE
dt

SOðNWÞ
− PSORR ¼
4mν
15r6

ðL · SÞ

2
m2
r
þ 169mv2 þ 15r_r2

−19
m
r
þ 54v2

− 99rv4 − 735r_r4

þðL · ξÞ

28
m2
r
− 37mv2 þ 24r_r2

13
m
r
− 30v2

þ 63rv4 þ 945r_r4

: ð4:12Þ
This can be shown to be a total time derivative, such that the expression in [80] holds with a Schott term given by10
ESOðNWÞS ¼
1
5

Iijð1Þð0Þ I
ijð4Þ
ð0Þ − I
ijð2Þ
ð0Þ I
ijð3Þ
ð0Þ

S
þmνðL · SÞ

88
15
m_r
r5
−
72
5
v2 _r
r4
þ 24 _r
3
r4

þmνðL · ξÞ

−
8
3
m_r
r5
þ 129
5
v2 _r
r4
− 39
_r3
r4

: ð4:13Þ
2. Covariant SSC
The covariant case is a little more involved, since the binding energy now depends on Sð0Þ, which cannot be taken as a
constant at leading order, unlike the spin 3-vector. Therefore, the energy balance acquires an extra term compared to the
Newton-Wigner calculation. At linear order in the spin we have
	
dE
dt

SO


¼
	∂E
∂ri v
i þ ∂E∂vi a
i þ
X
a
∂E
∂Sið0Þa
_Sið0Þa


¼
	
mνaRRSOðcovÞ · vþ
X
a
∂E
∂Sið0Þa
_Sið0Þa


: ð4:14Þ
Preserving the covariant SSC during evolution [see (2.20)] implies
_Sð0Þa !RR aRRLOa × Sa þ    ; ð4:15Þ
9At lowest PN order the time variation of the spin vector is 1PN order higher than the naive power counting would suggest [22,60].
10The second derivative of the positions entering in the leading order multipole moment (Iijð0Þ in the first term) must be replaced here
only by the spin-orbit acceleration in (2.21).
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where we used only the nonspinning radiation-reaction part
of the acceleration in (2.10) since all other (conservative)
terms cancel out in (4.14). On the other hand, the spin-orbit
energy can be written as [22,28,60]
ESO ¼ −
X
a
aNa · Sð0Þa þ    ; ð4:16Þ
with aNa the Newtonian acceleration for each body, which
gives
∂ESO
∂Sið0Þa
¼ −aiNa þ    : ð4:17Þ
From here we find
∂E
∂Sið0Þa
_Sið0Þa ¼ −
X
a
aNa · ðaRRLOa × SaÞ
¼ − 2ν
5
Z
dtϵiklakNξ
lrjIijð5Þð0Þ :
Hence, the equivalence between far zone and radiation-
reaction computation implies

d ~E
dt

SOðcovÞ
¼

mνaSOðcovÞRR · v −
2ν
5
ϵiklakNξ
lrjIijð5Þð0Þ

;
ð4:18Þ
with the introduction of Schott terms as in (4.8), which do
not contribute to the time averaging. On the right-hand side
we have
aSOðcovÞRR · v ¼
4
15r6

ðL · SÞ

22
m2
r
− 95mv2 þ 3r_r2

77
m
r
− 270v2

þ 99rv4 þ 735r_r4

þðL · ξÞ

−14
m2
r
− 37mv2 − 3r_r2

49
m
r
þ 90v2

þ 45rv4 þ 105r_r4

ð4:19Þ
and
2ν
5
ϵiklakξlrjIijð5Þð0Þ ¼ −
8m2ν
5r6
ðL · ξÞ

2
m
r
− 6v2 þ 15_r2

: ð4:20Þ
On the other hand, the computation of the total radiated power using (4.2) yields

dE
dt

SOðcovÞ
¼ 8m
2ν
15r6

ðL · SÞ

12
m
r
þ 37v2 − 27_r2

þ ðL · ξÞ

−4
m
r
þ 43v2 − 51_r2

; ð4:21Þ
also in agreement with the literature [87]. It is then straightforward to show that the difference is a total time derivative, such
that the expression in (4.18) holds with
ESOðcovÞS ¼
1
5

Iijð1Þð0Þ I
ijð4Þ
ð0Þ − I
ijð2Þ
ð0Þ I
ijð3Þ
ð0Þ

S
þmνðL · SÞ

88
15
m_r
r5
−
72
5
v2 _r
r4
þ 24 _r
3
r4

þmνðL · ξÞ

8
5
m_r
r5
þ 36 v
2 _r
r4
− 52
_r3
r4

;
ð4:22Þ
for the Schott term.
V. CONCLUSIONS
We incorporated radiation-reaction effects due to spin in
the dynamics of compact binary systems within the EFT
formalism [60]. We extended the nonconservative approach
developed in [71–73] to spinning bodies, and we computed
the spin-orbit contributions to the acceleration and spin
evolution to 4PN order from first principles, in both the
covariant and the Newton-Wigner SSCs. In order to test the
consistency of our results, we explicitly showed that the
induced power resulting from the radiation-reaction force is
equivalent to the total radiated emission computed in the far
zone, using the standard multipole expansion [4]. We find
there is no net effect on the spin evolution from radiation
reaction at this order, which is consistent with the findings
in [75]. The results presented here complete the knowledge
of the binary’s dynamics to 4PN order within an EFT
framework [60], which will play a key role in the
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forthcoming era of gravitational wave observations. Our
work also paves the way for higher order calculations. We
present the leading contributions from radiation reaction to
the binary’s dynamics due to spin-spin effects in a
companion paper [82].
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